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Zásobńıkový automat

Př́ıklad: Vezměme si jazyk nad abecedou Σ = {(, ), [, ], <, >} tvǒrený

”
správně uzávorkovanými“ sekvencemi, tj. sekvencemi, kde každá levá
závorka má odpov́ıdaj́ıćı pravou a naopak každá pravá má odpov́ıdaj́ıćı
levou, p̌ričemž se závorky

”
neǩŕıž́ı“ (jako ťreba ve slově <[>]).

Tento jazyk je možné popsat bezkontextovou gramatikou

A → ε ∣ (A) ∣ [A] ∣ <A> ∣ AA

Typický p̌ŕıklad slova, které paťŕı do tohoto jazyka:

<[](()[<>])>[]

Neńı těžké ukázat, že tento jazyk neńı regulárńı.
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Zásobńıkový automat

Chtěli bychom navrhnout zǎŕızeńı podobné konečnému automatu, které by
bylo schopno rozpoznávat slova z tohoto jazyka.

Jako vhodná možnost se nab́ıźı využ́ıt p̌ri tomto rozpoznáváńı (neomezeně
velký) zásobńık.

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 3 / 53



Zásobńıkový automat

Slovo <[](()[<>])>[] paťŕı do jazyka.

< [ ] ( ( ) [ < > ] ) > [ ]

q1

⊢
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< [ ] ( ( ) [ < > ] ) > [ ]

q1

⊢ <
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< [ ] ( ( ) [ < > ] ) > [ ]

q1

⊢ < [
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 4 / 53
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 4 / 53
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Zásobńıkový automat

Slovo <[](()[<>])>[] paťŕı do jazyka.
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< [ ] ( ( ) [ < > ] ) > [ ]

q1

⊢
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Zásobńıkový automat

Slovo <[](()[<>])>[] paťŕı do jazyka.

Automat p̌rečetl celé slovo a skončil s prázdným zásobńıkem, takže
slovo p̌rijal.

< [ ] ( ( ) [ < > ] ) > [ ]

q1 Ano
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Zásobńıkový automat

Slovo <[](()[<>))>[] nepaťŕı do jazyka.
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< [ ] ( ( ) [ < > ) ) > [ ]

q1

⊢ < ( [
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Zásobńıkový automat

Slovo <[](()[<>))>[] nepaťŕı do jazyka.

Automat narazil na neodpov́ıdaj́ıćı závorku, takže slovo nep̌rijal.

< [ ] ( ( ) [ < > ) ) > [ ]

q1

⊢ < ( [

Ne
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Zásobńıkový automat

Př́ıklad:

Chtěli bychom rozpoznávat jazyk L = {a
n
b
n
∣ n ≥ 1}

Opět se jedná o typický p̌ŕıklad neregulárńıho jazyka.
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Př́ıklad:

Chtěli bychom rozpoznávat jazyk L = {a
n
b
n
∣ n ≥ 1}

Opět se jedná o typický p̌ŕıklad neregulárńıho jazyka.

Zásobńık můžeme použ́ıvat jako č́ıtač:

Budeme do něj ukládat symboly jednoho druhu (nazvěme ho nap̌r. I ).

Počet těchto symbol̊u I na zásobńıku bude reprezentovat hodnotu
č́ıtače.
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Zásobńıkový automat

Slovo aaaabbbb paťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

q1

a a a a b b b b

O
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 7 / 53
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Zásobńıkový automat

Slovo aaaabbbb paťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

q2

a a a a b b b b

I

I

I
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Zásobńıkový automat

Slovo aaaabbbb paťŕı do jazyka L = {a
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b
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Automat p̌rečetl celé slovo a skončil s prázdným zásobńıkem, takže
slovo p̌rijal.

q2

a a a a b b b b

Ano
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Zásobńıkový automat

Slovo aaaabbb nepaťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

q1

a a a a b b b

O
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Zásobńıkový automat

Slovo aaaabbb nepaťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

Automat p̌rečetl celé slovo, ale nevyprázdnil zásobńık, takže slovo
nep̌rijal

q2

a a a a b b b

I

Ne
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 9 / 53



Zásobńıkový automat

Slovo aaaabbbbb nepaťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

Automat čte b, má smazat symbol na zásobńıku a tam žádný neńı,
takže slovo nep̌rijal.

q2

a a a a b b b b b

Ne
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Zásobńıkový automat
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b
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Zásobńıkový automat

Slovo aababbab nepaťŕı do jazyka L = {a
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Zásobńıkový automat

Slovo aababbab nepaťŕı do jazyka L = {a
n
b
n
∣ n ≥ 1}

Automat p̌rečetl a, ale již byl ve stavu, kdy maže, takže slovo nep̌rijal.

q2

a a b a b b a b

I

Ne
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Zásobńıkový automat

Zásobńıkový automat může být nedeterministický a může ḿıt
ε-p̌rechody.
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Zásobńıkový automat

Zásobńıkový automat může být nedeterministický a může ḿıt
ε-p̌rechody.

Př́ıklad:

Uvažujme jazyk L = {w ∈ {a, b}
∗
∣ w = w

R
}.

Prvńı polovinu slova můžeme uložit na zásobńık.

Při čteńı druhé poloviny mažeme symboly ze zásobńıku, pokud jsou
stejné jako na vstupu.

Pokud bude zásobńık prázdný po p̌rečteńı celého slova, byla druhá
polovina stejná jako prvńı.

Mı́sto, kde se nacháźı
”
hranice“ mezi prvńı a druhou polovinou slova

může automat nedeterministicky uhodnout. Výpočty, p̌ri kterých bude
hádat chybně, nepovedou k p̌rijet́ı slova.
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q1

a b b a b a b a b b a

X
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B

A
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q1

a b b a b a b a b b a

X

A

B

B

A

B
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X

A

B

B

A

B
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X

A

B

B

A
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X

A

B

B
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X

A

B
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X

A
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

X
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Zásobńıkový automat

Slovo abbabababba paťŕı do jazyka L = {w ∈ {a, b}
∗
∣ w = w

R
}

q2

a b b a b a b a b b a

Ano
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Zásobńıkový automat

Definice

Zásobńıkový automat (ZA) je uspǒrádaná šestice
M = (Q,Σ, Γ, δ, q0,X0), kde

Q je konečná neprázdná množina stav̊u

Σ je konečná neprázdná množina zvaná vstupńı abeceda

Γ je konečná neprázdná množina zvaná zásobńıková abeceda

δ ∶ Q × (Σ ∪ {ε}) × Γ → P(Q × Γ
∗
) je (nedeterministická)

p̌rechodová funkce

q0 ∈ Q je počátečńı stav

X0 ∈ Γ je počátečńı zásobńıkový symbol
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Zásobńıkový automat

Př́ıklad: L = { a
n
b
n
∣ n ≥ 1 }

M = (Q,Σ, Γ, δ, q1,O), kde

Q = {q1, q2}

Σ = {a, b}

Γ = {O, I}

δ(q1, a,O) = {(q1, I )} δ(q1, b,O) = ∅

δ(q1, a, I ) = {(q1, II )} δ(q1, b, I ) = {(q2, ε)}
δ(q2, a, I ) = ∅ δ(q2, b, I ) = {(q2, ε)}
δ(q2, a,O) = ∅ δ(q2, b,O) = ∅

Poznámka: Často se uvád́ı jen ty hodnoty p̌rechodové funkce, které
p̌rǐrazuj́ı dané trojici něco jiného než prázdnou množinu.
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Zásobńıkový automat

Pro zápis p̌rechodové funkce budeme též použ́ıvat způsob zápisu, kdy se
na p̌rechodovou funkci d́ıváme jako na sadu pravidel:

Každému q, q
′
∈ Q, a ∈ Σ ∪ {ε}, X ∈ Γ a α ∈ Γ

∗
, kde

(q
′
, α) ∈ δ(q, a,X )

odpov́ıdá jedno pravidlo

qX
a

⟶ q
′
α .

Př́ıklad: Pokud

δ(q5, b,C) = {(q3,ACC), (q5,BB), (q13, ε)}

můžeme to reprezentovat jako ťri pravidla:

q5C
b

⟶ q3ACC q5C
b

⟶ q5BB q5C
b

⟶ q13
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Zásobńıkový automat

Př́ıklad: Dř́ıve popsaný zásobńıkový automat rozpoznávaj́ıćı jazyk
L = { a

n
b
n
∣ n ≥ 1 }:

M = (Q,Σ, Γ, δ, q1,O), kde

Q = {q1, q2}

Σ = {a, b}

Γ = {O, I}

q1O
a

⟶ q1I

q1I
a

⟶ q1II

q1I
b

⟶ q2

q2I
b

⟶ q2
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Zásobńıkový automat

Př́ıklad: L = {w ∈ {a, b}
∗
∣ w = w

R
}

M = (Q,Σ, Γ, δ, q1,X ), kde

Q = {q1, q2}

Σ = {a, b}

Γ = {X ,A,B}

δ(q1, a,X ) = {(q1,AX ), (q2,X )} δ(q1, b,X ) = {(q1,BX ), (q2,X )}
δ(q1, a,A) = {(q1,AA), (q2,A)} δ(q1, b,A) = {(q1,BA), (q2,A)}
δ(q1, a,B) = {(q1,AB), (q2,B)} δ(q1, b,B) = {(q1,BB), (q2,B)}
δ(q1, ε,X ) = {(q2,X )} δ(q2, ε,X ) = {(q2, ε)}
δ(q1, ε,A) = {(q2,A)} δ(q2, ε,A) = ∅

δ(q1, ε,B) = {(q2,B)} δ(q2, ε,B) = ∅

δ(q2, a,A) = {(q2, ε)} δ(q2, b,A) = ∅

δ(q2, a,B) = ∅ δ(q2, b,B) = {(q2, ε)}
δ(q2, a,X ) = ∅ δ(q2, b,X ) = ∅
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Zásobńıkový automat

Př́ıklad: L = {w ∈ {a, b}
∗
∣ w = w

R
}

M = (Q,Σ, Γ, δ, q1,X ), kde

Q = {q1, q2}

Σ = {a, b}

Γ = {X ,A,B}

q1X
a

⟶ q1AX q1X
b

⟶ q1BX q2X
ε

⟶ q2

q1A
a

⟶ q1AA q1A
b

⟶ q1BA q2A
a

⟶ q2

q1B
a

⟶ q1AB q1B
b

⟶ q1BB q2B
b

⟶ q2

q1X
a

⟶ q2X q1X
b

⟶ q2X q1X
ε

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A q1A
ε

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B q1B
ε

⟶ q2B
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Výpočet zásobńıkového automatu

Vezměme si zásobńıkový automat M = (Q,Σ, Γ, δ, q0,X0).

Konfigurace automatu M:

Konfigurace ZA je trojice

(q,w , α)

kde q ∈ Q, w ∈ Σ
∗
a α ∈ Γ

∗
.

Počátečńı kofiguraćı je kofigurace (q0,w ,X0), kde w ∈ Σ
∗
.
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Výpočet zásobńıkového automatu

Kroky vykonané automatem M:

Binárńı relace ⟶ na konfiguraćıch M reprezentuje možné kroky
výpočtu, které může ZA M provést.

To, že M může p̌rej́ıt jedńım krokem z konfigurace (q,w , α) do
konfigurace (q

′
,w

′
, α

′
), zapisujeme

(q,w , α) ⟶ (q
′
,w

′
, α

′
) .

Tato relace ⟶ je definována následovně:

(q, aw ,Xβ) ⟶ (q
′
,w , αβ) ⟺ (q

′
, α) ∈ δ(q, a,X )

kde q, q
′
∈ Q, a ∈ (Σ ∪ {ε}), w ∈ Σ

∗
, X ∈ Γ, α, β ∈ Γ

∗
.
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Výpočet zásobńıkového automatu

Výpočty M:

Na konfiguraćıch M definujeme binárńı relaci ⟶
∗
jako reflexivńı

a tranzitivńı uzávěr relace ⟶, tj.,

(q,w , α) ⟶
∗
(q

′
,w

′
, α

′
)

jestliže existuje posloupnost konfiguraćı

(q0,w0, α0), (q1,w1, α1), . . . , (qn,wn, αn)

taková, že

(q,w , α) = (q0,w0, α0),
(q

′
,w

′
, α

′
) = (qn,wn, αn),

(qi ,wi , αi) ⟶ (qi+1,wi+1, αi+1) pro každé i = 0, 1, . . . , n − 1, tj.

(q0,w0, α0) ⟶ (q1,w1, α1) ⟶ ⋯ ⟶ (qn,wn, αn)
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X ) q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )
⟶ (q1, bababba, ABBAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )
⟶ (q1, bababba, ABBAX )
⟶ (q1, ababba, BABBAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )
⟶ (q1, bababba, ABBAX )
⟶ (q1, ababba, BABBAX )
⟶ (q2, babba, BABBAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )
⟶ (q1, bababba, ABBAX )
⟶ (q1, ababba, BABBAX )
⟶ (q2, babba, BABBAX )
⟶ (q2, abba, ABBAX )

q1X
a

⟶ q1AX q1X
b

⟶ q1BX

q1A
a

⟶ q1AA q1A
b

⟶ q1BA

q1B
a

⟶ q1AB q1B
b

⟶ q1BB

q1X
a

⟶ q2X q1X
b

⟶ q2X

q1A
a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
⟶ (q1, bbabababba, AX )
⟶ (q1, babababba, BAX )
⟶ (q1, abababba, BBAX )
⟶ (q1, bababba, ABBAX )
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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⟶ (q1, babababba, BAX )
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

(q1, abbabababba, X )
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Výpočet zásobńıkového automatu

V p̌redchoźı definici byla množina konfiguraćı definována jako

Conf = Q × Σ
∗
× Γ

∗

a relace ⟶ byla podmnožinou množiny Conf × Conf .
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Výpočet zásobńıkového automatu

Alternativně bychom mohli definovat konfigurace tak, že by nezahrnovaly
vstupńı slovo:

Conf = Q × Γ
∗

Relaci ⟶ bychom pak definovali jako podmnožinu množiny
Conf × (Σ ∪ {ε}) × Conf , p̌ričemž zápis

qα
a

⟶ q
′
α
′

by označoval, že p̌rečteńım symbolu a (nebo nep̌rečteńım ničeho,
pokud a = ε) může p̌rej́ıt daný zásobńıkový automat z konfigurace (q, α)
do konfigurace (q

′
, α

′
), tj.

qXβ
a

⟶ q
′
γβ ⟺ (q

′
, γ) ∈ δ(q, a,X )

kde q, q
′
∈ Q, a ∈ Σ ∪ {ε}, X ∈ Γ a β, γ ∈ Γ

∗
.

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 23 / 53



Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

q1X
a
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b
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⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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⟶ q2X q1X
b
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

q1X
a

⟶ q1AX
b

⟶ q1BAX
q1X

a
⟶ q1AX q1X

b
⟶ q1BX
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⟶ q1AA q1A
b
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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⟶ q1BAX
b
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 24 / 53
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Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}
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a

⟶ q2A q1A
b

⟶ q2A

q1B
a

⟶ q2B q1B
b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu

Př́ıklad: M = (Q,Σ, Γ, δ, q1,X ), kde Q = {q1, q2}, Σ = {a, b},
Γ = {X ,A,B}

q1X
a

⟶ q1AX
b

⟶ q1BAX
b

⟶ q1BBAX
a

⟶ q1ABBAX
b

⟶ q1BABBAX
a

⟶ q2BABBAX
b

⟶ q2ABBAX
a

⟶ q2BBAX
b
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b
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⟶ q1AB q1B
b

⟶ q1BB

q1X
a
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q1B
a
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b

⟶ q2B

q1X
ε

⟶ q2X

q1A
ε

⟶ q2A

q1B
ε

⟶ q2B

q2X
ε

⟶ q2

q2A
a

⟶ q2

q2B
b

⟶ q2
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Výpočet zásobńıkového automatu
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Γ = {X ,A,B}
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Zásobńıkový automat — p̌rij́ımáńı slov

Použ́ıvaj́ı se dvě r̊uzné definice toho, kdy automat p̌rij́ımá dané slovo:

Jestliže zásobńıkový automat M p̌rij́ımá prázdným zásobńıkem,
p̌ŕıjme slovo w tehdy, jestliže existuje výpočet automatu M nad
slovem w takový, že automat p̌rečte celé slovo w a po jeho p̌rečteńı
má prázdný zásobńık.

Jestliže zásobńıkový automat M p̌rij́ımá pomoćı p̌rij́ımaj́ıćıch stav̊u,
p̌ŕıjme slovo w tehdy, jestliže existuje výpočet automatu M nad
slovem w takový, že automat p̌rečte celé slovo w a po jeho p̌rečteńı
je ř́ıd́ıćı jednotka automatu M v některém z p̌rij́ımaj́ıćıch stav̊u
z množiny F .
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Zásobńıkový automat — p̌rij́ımáńı slov

Slovo w ∈ Σ
∗
je p̌rij́ımáno ZA M prázdným zásobńıkem právě

tehdy, když
(q0,w ,X0) ⟶

∗
(q, ε, ε)

pro nějaké q ∈ Q.

Definice

Jazyk L(M) p̌rij́ımaný ZA M prázdným zásobńıkem je definován jako
množina všech slov p̌rij́ımaných ZA M prázdným zásobńıkem, tj.

L(M) = {w ∈ Σ
∗
∣ (∃q ∈ Q)((q0,w ,X0) ⟶

∗
(q, ε, ε)) } .
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Zásobńıkový automat — p̌rij́ımáńı slov

Rozšǐrme definici ZA M o množinu p̌rij́ımaj́ıćıch stav̊u F (kde F ⊆ Q).

Slovo w ∈ Σ
∗
je p̌rij́ımáno ZA M p̌rij́ımaj́ıćım stavem právě tehdy,

když
(q0,w ,X0) ⟶

∗
(q, ε, α)

pro nějaké q ∈ F a α ∈ Γ
∗
.

Definice

Jazyk L(M) p̌rij́ımaný ZA M p̌rij́ımaj́ıćım stavem je definován jako

L(M) = {w ∈ Σ
∗
∣ (∃q ∈ F )(∃α ∈ Γ

∗
)((q0,w ,X0) ⟶

∗
(q, ε, α)) } .
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Druhy zásobńıkových automat̊u

V p̌ŕıpadě nedeterministických zásobńıkových automat̊u neńı z hlediska
jazyk̊u, jaké jsou schopny tyto automaty rozpoznávat, rozd́ıl mezi
rozpoznáváńım prázdným zásobńıkem a rozpoznáváńım p̌rij́ımaj́ıćım
stavem.

Snadno sestroj́ıme:

K danému (nedeterministickému) zásobńıkovému automatu
rozpoznávaj́ıćımu nějaký jazyk L prázdným zásobńıkem ekvivalentńı
(nedeterministický) zásobńıkový automat rozpoznávaj́ıćı jazyk L

pomoćı p̌rij́ımaj́ıćıch stav̊u.

K danému (nedeterministickému) zásobńıkovému automatu
rozpoznávaj́ıćımu nějaký jazyk L pomoćı p̌rij́ımaj́ıćıch stav̊u
ekvivalentńı (nedeterministický) zásobńıkový automat rozpoznávaj́ıćı
jazyk L prázdným zásobńıkem.
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Deterministické zásobńıkové automaty

Zásobńıkový automat M = (Q,Σ, Γ, δ, q0,X0) je deterministický, jestliže:

Pro každé q ∈ Q, a ∈ (Σ ∪ {ε}) a X ∈ Γ plat́ı:

∣δ(q, a,X )∣ ≤ 1

Pro každé q ∈ Q a X ∈ Γ plat́ı nejvýše jedna z následuj́ıćıch dvou
možnost́ı:

Existuje pravidlo qX
ε

⟶ q
′
α pro nějaké q

′
∈ Q a α ∈ Γ

∗
.

Existuje pravidlo qX
a

⟶ q
′
α pro nějaké a ∈ Σ, q

′
∈ Q a α ∈ Γ

∗
.
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Deterministické zásobńıkové automaty

Všimněme si, že deterministické zásobńıkové automaty p̌rij́ımaj́ıćı
prázdným zásobńıkem jsou schopny rozpoznávat jen bezprefixové jazyky,
tj. jazyky L, kde:

pokud w ∈ L, pak neexistuje žádné slovo w
′
∈ L takové, že w je

vlastńım prefixem slova w
′
.

Poznámka: Mı́sto jazyka L ⊆ Σ
∗
, který může a nemuśı být bezprefixový,

můžeme vźıt bezprefixový jazyk

L
′
= L ⋅ {⊣}

nad abecedou Σ ∪ {⊣}, kde ⊣/∈ Σ je speciálńı
”
zarážka“ označuj́ıćı konec

slova.
Tj. ḿısto zjǐst’ováńı, zda w ∈ L, kde w ∈ Σ

∗
, můžeme zjǐst’ovat, zda

(w ⊣) ∈ L
′
.
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Deterministické zásobńıkové automaty

Ke každému deterministickému zásobńıkovému automatu
p̌rij́ımaj́ıćımu prázdným zásobńıkem je možné snadno sestrojit
ekvivalentńı deterministický zásobńıkový automat p̌rij́ımaj́ıćı pomoćı
p̌rij́ımaj́ıćıch stav̊u.

Ke každému deterministickému zásobńıkovému automatu
p̌rij́ımaj́ıćımu jazyk L (kde L ⊆ Σ

∗
) pomoćı p̌rij́ımaj́ıćıch stav̊u je

možné snadno sestrojit deterministický zásobńıkový automat p̌rimaj́ıćı
prázdným zásobńıkem jazyk L ⋅ {⊣}, kde ⊣/∈ Σ.

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 31 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

Věta

Ke každé bezkontextové gramatice G lze sestrojit nedeterministický
zásobńıkový automat M p̌rij́ımaj́ıćı prázdným zásobńıkem takový, že
L(M) = L(G).

Důkaz: Pro BG G = (Π,Σ, S ,P) vytvǒŕıme M = ({q0},Σ, Γ, δ, q0, S), kde

Γ = Π ∪ Σ

Pro každé pravidlo (X → α) ∈ P z bezkontextové gramatiky G (kde
X ∈ Π a α ∈ (Π ∪ Σ)

∗
) p̌ridáme do p̌rechodové funkce δ

zásobńıkového automatu M odpov́ıdaj́ıćı pravidlo

q0X
ε

⟶ q0α .

Pro každý symbol a ∈ Σ p̌ridáme do p̌rechodové funkce δ

zásobńıkového automatu M pravidlo

q0a
a

⟶ q0 .
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Př́ıklad: Uvažujme bezkontextovou gramatiku G = (Π,Σ, S ,P), kde

Π = {S ,E ,T ,F}

Σ = { a, +, *, (, ),⊣ }

Množina P obsahuje následuj́ıćı pravidla:

S → E ⊣

E → T ∣ E+T
T → F ∣ T*F

F → a ∣ (E)
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Ekvivalence bezkontextových gramatik a zás. automat̊u

K dané gramatice G = (Π,Σ, S ,P) s pravidly

S → E ⊣

E → T ∣ E+T
T → F ∣ T*F

F → a ∣ (E)

sestroj́ıme zásobńıkový automat M = ({q0},Σ, Γ, δ, q0, S), kde

Σ = { a, +, *, (, ),⊣ }

Γ = {S ,E ,T ,F , a, +, *, (, ),⊣ }

Přechodová funkce δ obsahuje následuj́ıćı pravidla:

q0S
ε

⟶ q0E ⊣ q0F
ε

⟶ q0a q0a
a

⟶ q0 q0(
(

⟶ q0

q0E
ε

⟶ q0T q0F
ε

⟶ q0(E) q0+
+

⟶ q0 q0)
)

⟶ q0

q0E
ε

⟶ q0E+T q0*
*

⟶ q0 q0 ⊣
⊣

⟶ q0

q0T
ε

⟶ q0F

q0T
ε

⟶ q0T*F
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

S

S
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣E

S ⇒ E⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣T

S ⇒ E⊣ ⇒ T⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*T

S ⇒ E⊣ ⇒ T⊣ ⇒ T*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*F

S ⇒ E⊣ ⇒ T⊣ ⇒ T*F⊣ ⇒ F*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)E(

S ⇒ E⊣ ⇒ T⊣ ⇒ T*F⊣ ⇒ F*F⊣ ⇒ (E)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)E
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T+E

⋯ ⇒ T⊣ ⇒ T*F⊣ ⇒ F*F⊣ ⇒ (E)*F⊣ ⇒ (E+T)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T+T
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T+F

⋯ ⇒ (E)*F⊣ ⇒ (E+T)*F⊣ ⇒ (T+T)*F⊣ ⇒ (F+T)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T+a

⋯ ⇒ (E+T)*F⊣ ⇒ (T+T)*F⊣ ⇒ (F+T)*F⊣ ⇒ (a+T)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T+

⋯ ⇒ (E+T)*F⊣ ⇒ (T+T)*F⊣ ⇒ (F+T)*F⊣ ⇒ (a+T)*F⊣

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 35 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)T
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)F

⋯ ⇒ (T+T)*F⊣ ⇒ (F+T)*F⊣ ⇒ (a+T)*F⊣ ⇒ (a+F)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)a

⋯ ⇒ (F+T)*F⊣ ⇒ (a+T)*F⊣ ⇒ (a+F)*F⊣ ⇒ (a+a)*F⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F*)
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣F
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 35 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)E(

⋯ ⇒ (a+T)*F⊣ ⇒ (a+F)*F⊣ ⇒ (a+a)*F⊣ ⇒ (a+a)*(E)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)E
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)T+E

⋯ ⇒ (a+a)*F⊣ ⇒ (a+a)*(E)⊣ ⇒ (a+a)*(E+T)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)T+T

⋯ ⇒ (a+a)*(E)⊣ ⇒ (a+a)*(E+T)⊣ ⇒ (a+a)*(T+T)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)T+F*T

⋯ ⇒ (a+a)*(E+T)⊣ ⇒ (a+a)*(T+T)⊣ ⇒ (a+a)*(T*F+T)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)T+F*F

⋯ ⇒ (a+a)*(T*F+T)⊣ ⇒ (a+a)*(F*F+T)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0

⊣)T+F*a

⋯ ⇒ (a+a)*(F*F+T)⊣ ⇒ (a+a)*(a*F+T)⊣
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 35 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0
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( a + a ) * ( a * a + a ) ⊣

q0

⊣)F
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q0

⊣)a

⋯ ⇒ (a+a)*(a*a+F)⊣ ⇒ (a+a)*(a*a+a)⊣
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⊣)
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 35 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

q0
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Z p̌redchoźıho p̌ŕıkladu je vidět, že zásobńıkový automat M během
výpočtu v zásadě provád́ı levou derivaci v gramatice G.

Snadno se ukáže, že:

Každé levé derivaci v gramatice G odpov́ıdá nějaký výpočet
automatu M.

Každému výpočtu automatu M odpov́ıdá nějaká levá derivace
v gramatice G.

Poznámka: Výše uvedený postup odpov́ıdá syntaktické analýze shora

dol̊u.
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Alternativně lze p̌ri syntaktické analýze postupovat též zdola nahoru.

Tomu odpov́ıdá následuj́ıćı konstrukce nedeterministického zásobńıkového
automatu M = (Q,Σ, Γ, δ, q0,X0) k dané gramatice G = (Π,Σ, S ,P),
kde:

Γ = Π ∪ Σ ∪ {⊢}, kde ⊢ /∈ (Π ∪ Σ)

X0 = ⊢

Q obsahuje stavy odpov́ıdaj́ıćı všem sufix̊um pravých stran pravidel
z P a dále speciálńı stav ⟨S⟩ (kde S ∈ Π je počátečńı neterminál
gramatiky G) a speciálńı stav qacc .

Stav odpov́ıdaj́ıćı suffixu α (kde α ∈ (Π ∪ Σ)
∗
) budeme označovat

zápisem ⟨α⟩.

Speciálńım p̌ŕıpadem je stav odpov́ıdaj́ıćı sufixu ε. Tento stav budeme
označovat ⟨⟩.

q0 = ⟨⟩

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 37 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

Pro každý vstupńı symbol a ∈ Σ a každý zásobńıkový symbol W ∈ Γ
p̌ridáme do δ následuj́ıćı pravidlo:

⟨⟩W
a

⟶ ⟨⟩aW

Pro každé pravidlo X → Y1Y2⋯Yn z gramatiky G (kde X ∈ Π, n ≥ 0
a Yi ∈ (Π ∪ Σ) pro 1 ≤ i ≤ n) p̌ridáme do p̌rechodové funkce δ

automatu M následuj́ıćı sadu pravidel:

⟨⟩Yn

ε

⟶ ⟨Yn⟩

⟨Yn⟩Yn−1
ε

⟶ ⟨Yn−1Yn⟩

⟨Yn−1Yn⟩Yn−2
ε

⟶ ⟨Yn−2Yn−1Yn⟩
⋮

⟨Y2Y3 . . .Yn⟩Y1
ε

⟶ ⟨Y1Y2Y3⋯Yn⟩

a dále pro každé W ∈ Γ pravidla

⟨Y1Y2⋯Yn⟩W
ε

⟶ ⟨⟩XW
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Pokud nap̌ŕıklad bude gramatika G obsahovat pravidlo

B → CaADb

bude p̌rechodová funkce δ automatu M obsahovat pravidla

⟨⟩b
ε

⟶ ⟨b⟩

⟨b⟩D
ε

⟶ ⟨Db⟩

⟨Db⟩A
ε

⟶ ⟨ADb⟩

⟨ADb⟩a
ε

⟶ ⟨aADb⟩

⟨aADb⟩C
ε

⟶ ⟨CaADb⟩

a dále pro každé W ∈ Γ pravidlo

⟨CaADb⟩W
ε

⟶ ⟨⟩BW
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Speciálně pro ε-pravidla z gramatiky G budou p̌ridaná pravidla
vypadat následovně: ε-pravidlu

X → ε

z gramatiky G, kde X ∈ Π, budou odpov́ıdat pravidla v δ tvaru

⟨⟩W
ε

⟶ ⟨⟩XW

kde W ∈ Γ.

Nakonec p̌ridáme do δ dvě speciálńı pravidla (kde S ∈ Π je počátečńı
neterminál gramatiky G):

⟨⟩S
ε

⟶ ⟨S⟩ ⟨S⟩⊢
ε

⟶ qacc
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Př́ıklad: Vezměme si opět stejnou gramatiku G jako v p̌redchoźım p̌ŕıkladě:

S → E ⊣

E → T ∣ E+T
T → F ∣ T*F

F → a ∣ (E)

K ńı sestroj́ıme zásobńıkový automat M = (Q,Σ, Γ, δ, q0,X0), kde

Σ = { a, +, *, (, ),⊣ }

Γ = {S ,E ,T ,F , a, +, *, (, ),⊣,⊢ }

Q = { ⟨⟩, ⟨⊣⟩, ⟨E ⊣⟩, ⟨T ⟩, ⟨+T ⟩, ⟨E+T ⟩, ⟨F ⟩, ⟨*F ⟩, ⟨T*F ⟩,
⟨a⟩, ⟨)⟩, ⟨E)⟩, ⟨(E)⟩, ⟨S⟩, qacc }

q0 = ⟨⟩

X0 = ⊢
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Pro každé X ∈ Γ p̌ridáme do δ následuj́ıćı pravidla:

⟨⟩X
a

⟶ ⟨⟩aX

⟨⟩X
+

⟶ ⟨⟩+X

⟨⟩X
*

⟶ ⟨⟩*X

⟨⟩X
(

⟶ ⟨⟩(X

⟨⟩X
)

⟶ ⟨⟩)X

⟨⟩X
⊣

⟶ ⟨⟩⊣X

⟨⟩S
ε

⟶ ⟨S⟩

⟨S⟩⊢
ε

⟶ qacc

⟨⟩⊣
ε

⟶ ⟨⊣⟩

⟨⊣⟩E
ε

⟶ ⟨E⊣⟩ ⟨E⊣⟩X
ε

⟶ ⟨⟩SX

⟨⟩T
ε

⟶ ⟨T ⟩ ⟨T ⟩X
ε

⟶ ⟨⟩EX

⟨T ⟩+
ε

⟶ ⟨+T ⟩

⟨+T ⟩E
ε

⟶ ⟨E+T ⟩ ⟨E+T ⟩X
ε

⟶ ⟨⟩EX

⟨⟩F
ε

⟶ ⟨F ⟩ ⟨F ⟩X
ε

⟶ ⟨⟩TX

⟨F ⟩*
ε

⟶ ⟨*F ⟩

⟨*F ⟩T
ε

⟶ ⟨T*F ⟩ ⟨T*F ⟩X
ε

⟶ ⟨⟩TX

⟨⟩a
ε

⟶ ⟨a⟩ ⟨a⟩X
ε

⟶ ⟨⟩FX

⟨⟩)
ε

⟶ ⟨)⟩

⟨)⟩E
ε

⟶ ⟨E)⟩

⟨E)⟩(
ε

⟶ ⟨(E)⟩ ⟨(E)⟩X
ε

⟶ ⟨⟩FX
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢

(a+a)*(a*a+a)⊣
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( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ (

(a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( a

(a+a)*(a*a+a)⊣

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 43 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨a⟩

⊢ (

(a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( F

(F+a)*(a*a+a)⊣ ⇒ (a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨F ⟩

⊢ (

(F+a)*(a*a+a)⊣ ⇒ (a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( T

(T+a)*(a*a+a)⊣ ⇒ (F+a)*(a*a+a)⊣ ⇒ (a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨T ⟩

⊢ (

(T+a)*(a*a+a)⊣ ⇒ (F+a)*(a*a+a)⊣ ⇒ (a+a)*(a*a+a)⊣
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E

(E+a)*(a*a+a)⊣ ⇒ (T+a)*(a*a+a)⊣ ⇒ (F+a)*(a*a+a)⊣ ⇒

⋯
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( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E +
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( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E + a
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨a⟩

⊢ ( E +

(E+a)*(a*a+a)⊣ ⇒ (T+a)*(a*a+a)⊣ ⇒ (F+a)*(a*a+a)⊣ ⇒

⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E + F

(E+F)*(a*a+a)⊣ ⇒ (E+a)*(a*a+a)⊣ ⇒ (T+a)*(a*a+a)⊣ ⇒

⋯
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( a + a ) * ( a * a + a ) ⊣

⟨F ⟩

⊢ ( E +
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( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E + T
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 43 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨T ⟩

⊢ ( E +

(E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ (E+a)*(a*a+a)⊣ ⇒

⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨+T ⟩

⊢ ( E

(E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ (E+a)*(a*a+a)⊣ ⇒

⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨E+T ⟩

⊢ (

(E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ (E+a)*(a*a+a)⊣ ⇒

⋯

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 43 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E

(E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ ( E )

(E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨)⟩

⊢ ( E

(E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨E)⟩

⊢ (

(E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨(E)⟩

⊢

(E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ (E+F)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ F

F*(a*a+a)⊣ ⇒ (E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ ⋯

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 43 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨F ⟩

⊢

F*(a*a+a)⊣ ⇒ (E)*(a*a+a)⊣ ⇒ (E+T)*(a*a+a)⊣ ⇒ ⋯
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Ekvivalence bezkontextových gramatik a zás. automat̊u

( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ T

T*(a*a+a)⊣ ⇒ F*(a*a+a)⊣ ⇒ (E)*(a*a+a)⊣ ⇒ ⋯
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( a + a ) * ( a * a + a ) ⊣

⟨⟩

⊢ T *
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Jak je vidět z p̌redchoźıho p̌ŕıkladu, zásobńıkový automat M v zásadě
provád́ı pravou derivaci v gramatice G pozpátku.
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Daľśı ťŕıdy bezkontextových gramatik

Existuje řada r̊uzných ťŕıd bezkontextových gramatik, pro které je možné
sestrojit daný zásobńıkový automat tak, aby byl deterministický:

Př́ıstup shora dol̊u — vytvá̌ŕı levou derivaci:

LL(0), LL(1), LL(2), . . .

Př́ıstup zdola nahoru — vytvá̌ŕı pravou derivaci pozpátku:

LR(0), LR(1), LR(2), . . .

LALR (resp. LALR(1), . . . )

SLR (resp. SLR(1), . . . )

Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 45 / 53



Generátory parser̊u

Generátory parser̊u — nástroje, které umožňuj́ı z popisu dané gramatiky
automaticky vygenerovat kód v nějakém programovaćım jazyce, který de
facto implementuje činnost odpov́ıdaj́ıćıho zásobńıkového automatu.

Př́ıklady generátor̊u parser̊u:

Yacc

Bison

ANTLR

JavaCC

Menhir

. . .
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Věta

Ke každému zásobńıkovému automatu M s jedńım stavem a p̌rij́ımaj́ıćım
prázdným zásobńıkem lze sestrojit bezkontextovou gramatiku G takovou,
že L(G) = L(M).

Důkaz: Pro ZA M = ({q0},Σ, Γ, δ, q0,X0), kde Σ ∩ Γ = ∅, vytvǒŕıme
BG G = (Γ,Σ,X0,P), kde

(A → aα) ∈ P ⟺ (q0, α) ∈ δ(q0, a,A)

pro každé A ∈ Γ, a ∈ Σ ∪ {ε}, α ∈ Γ
∗
.

Indukćı můžeme dokázat

X0 ⇒
∗
uα (v G) ⟺ q0X0

u
⟶ q0α (v M)

kde u ∈ Σ
∗
a α ∈ Γ

∗
(p̌ričemž v G uvažujeme pouze levé derivace).
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Ekvivalence bezkontextových gramatik a zás. automat̊u

a b a a b a b b

q0

CABCA

M: G:

⋮ ⋮

q0A
a

⟶ q0BC A → aBC

q0B
b

⟶ q0 B → b

⋮ ⋮

a b a AC B AC
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a b a a b a b b

q0

CABCCB

M: G:

⋮ ⋮

q0A
a

⟶ q0BC A → aBC

q0B
b

⟶ q0 B → b

⋮ ⋮

a b a AC B AC

⇒ a b a a B C C B AC
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a b a a b a b b

q0

CABCC

M: G:

⋮ ⋮

q0A
a

⟶ q0BC A → aBC

q0B
b

⟶ q0 B → b

⋮ ⋮

a b a AC B AC

⇒ a b a a B C C B AC

⇒ a b a a b C C B AC
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Věta

Ke každému zásobńıkovému automatu M lze sestrojit zásobńıkový
automat M

′
s jedńım stavem tž. L(M

′
) = L(M).

Myšlenka d̊ukazu:

Stav automatu M si budeme pamatovat na zásobńıku.

Pro δ(q, a,X ) = {(q
′
, ε)} muśıme kontrolovat nejen, že jsme ve

stavu q, ale také, že se dostaneme do stavu q
′
. (Daľśı p̌ŕıpady jsou

p̌ŕımočaré.)

Každý zásobńıkový symbol automatu M
′
je tedy trojice, kde si

pamatujeme zásobńıkový symbol, aktuálńı stav a aktuálńı stav ze
symbolu o jedna ńıže na zásobńıku.

ZA M
′
nedeterministicky

”
hádá“ ř́ıd́ıćı stavy, do kterých se dostane

M v okamžiku, kdy se daný zásobńıkový symbol ocitne na vrcholu
zásobńıku.
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Chybná myšlenka:
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Z. Sawa (VŠB-TUO) Úvod do teoretické informatiky 9. b̌rezna 2025 50 / 53



Ekvivalence bezkontextových gramatik a zás. automat̊u
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Chybná myšlenka:
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Daľśı chybná myšlenka:
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Korektńı konstrukce:
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Ekvivalence bezkontextových gramatik a zás. automat̊u

Tvrzeńı

K libovolné bezkontextové gramatice G je možné sestrojit
(nedeterministický) zásobńıkový automat M takový, že L(G) = L(M).

Tvrzeńı

K libovolnému zásobńıkovému automatu M je možné sestrojit
bezkontextovou gramatiku G takovou, že L(M) = L(G).
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